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• Steps on vicinal surfaces as meandering fermions in (1+1)D...¿interactions?

• Steps as Brownian strings; seeking signatures of mass transport modes

• Langevin and heuristic analysis 

• Islands as circular steps

• Novel applications

• Open questions



Note the 
overhangs.

–-T. Frisch

Calanques
are not 
fermions!!



Maryland is on the east coast of the USA.  Founded as a Catholic haven, 
it is one of the original 13 colonies → states.  D.C. was carved from it to 
be the national capital (rather than Philadelphia), as part of the Constitu-
tion's "Great Compromise."  Its northern border is the Mason-Dixon line, 
which separated the North from the South, but 
it was prevented from joining the rebels. Hist-
orically conservative, it is now “liberal”; it has 
the highest mean income of any state.

cf. Si(001)?



UM ↔ DC center:
~ 14 km.

UM is "inside
the Beltway".

UM



Aerial view of UM

my office, in Physics Bldg

Chartered 1856 as agricultural college

Near College Park Airport, 
oldest continually 
operated airport 
in world (>1909)!

Grew large after 
World War 2

"A good university needs 
a good football and a

good physics department."
--UM Pres. C. Byrd



Models & Key Energies
Discrete/atomistic → Step Continuum

SOS

Step Continuum

TSK

ε
kink energy

energy of unit height difference between NN sites
+ hopping barriers, attach/detach rates

A

Γ

β~ step stiffness  β(θ) + β′′(θ): inertial “mass” of step

strength of step-step repulsion A/l2

l

rate parameter, dependent on 
microscopic transport mechanism

Main test: Self-consistency of these 3 parameters to explain many phenomena
Coarse-grain: Relation of 3 nano/mesoscale parameters to atomistic energies??



Steps as Brownian strings: Langevin “capillary wave” approach

e.g. heal curvature

to deal with   y∆

saturation Gq ⇒ stiffness

TD: terrace diff’n

PD: periphery diffusion or SED: step-edge diff’n

= 2h|xq(t)|2i− 2hxq(t)xq(t0)2i



Langevin “capillary wave” approach to isolated steps: behaviors

Single value of y

τq
-1 ⇒ transport mode & associated Γ 

or early-time exponent:   G(t) ∝ t1/n or t2β

τ−1 ∝ qn

[Maryland notation]



STEP PORTION

Atomistic Mass Transport Mechanisms

Pimpinelli et al., Surf Sci. 295 (’93) 143

B  EC (AD)

C  TD

D  DSS

F PD (SED)



Arguments of Pimpinelli et al. re healing time of bumps

w
Ł

Bump: δN(t) ~ √N(t) ~ w Ł

# impinging = # crossing pipe 
N(t) ≈ ceq Ł Ls t/þ, þ is time to 
flow through pipe

w2(Ł) = kBT Ł/6β~   for fixed pts Ł apart,
assuming w < 〈l〉

Time to form bump 
τ(w, Ł) ≈ w2 Ł þ/ceq LS

or τl(Ł) ≈ (Ł2/LS)(kBTþ/ceqβ~)

B EC (AD): LS ~ 1
⇒ τ ≈ kBTτaŁ2/β~ ~ q–2

F PD (SED): LS ~ 1, þ ~ Ł2/Dst 

⇒ τ ≈ kBTŁ4/β~cstDst ~ q–4

C (TD): LS ~ Ł, þ ~ Ł2/Ds

⇒ τ ≈ kBTŁ3/β~ceqDs ~ q–3

D (DSS): LS ~ l, þ ~ l2/Ds

⇒ τ ≈ kBTŁ2l /β~ceqDs ~ q–2



Linear Relaxation: Velocity ∝ free energy change due to displacement

Evaporation-condensation (attachment-detachment): Model A, non-conserved

Add noise, Langevin:

Γa =
2a3

τa

τ−1(q) = (Γa/kBT )eβq2

∂x
∂t = − Γa

kBT
δH
δx =

Γa
kBT

eβ ∂2x∂y2

∂x(y,t)
∂t

= Γa
kBT

eβ ∂2x
∂y2

+ η(y, t)

hη(y, t)η(y0, t0)i = 2a3

τa
δ(y − y0)δ(t− t0)



Edge-Diffusion Limited Case: PD or SED    
Model B, conserved dynamics

Particle conservation ⇒ extra –(∂2x/∂y2)

τ−1(q) = (Γst/kBT )eβq4

∂x(y,t)
∂t = − Γst

kBT
eβ ∂4x∂y4 + η(y, t)

hη(y, t)η(y0, t0)i = 2a5

τa
δ00(y − y0)δ(t− t0)



Terrace Diffusion (TD)

Attachment-detachment fast compared to terrace diffusion.  Step 
fluctuations governed by how concentration gradient decays.

τ−1(q) = 2Dscs(a4/kBT )eβ|q|3
Diffusion step-to-step (DSS)

l < diffusion length ⇒ q → 1/l |q|3 → q2/l

c(x, y) = c0 + c0a
2(eβ/kBT )Σqq2xqe−|q|xcos(qy)

∂x
∂t =

2Dscs eβ
kBT

R∞
−∞−

³
∂2x
∂y2

´
y0

a2(y−y0)2
[a2+(y−y0)2]2 dy

0 + η(y, t)

hη(y, t)η(y0, t0)i = 4Dscsa
4

kBT
a2(y−y0)2

[a2+(y−y0)2]2 δ(t− t0)





τ–1(q) τ–1(q) =(Γa/kBT)[β~q2+c]

c ≈ 6A/l4 neglect
Γa = 5×104 nm4s-1

Early Study of Si(111) N.C. Bartelt,…TLE, E.D. Williams,…J.-J. Métois, 
PRB 48 (’93) 15453

q2

q4

t1/2

t1/4

Heyraud, Métois REM image

G(t)

Gq(t)

β~ ≈ 30mev/Å



1/z

Measured time exponent 1/z on late transition & noble metals

M. Giesen, Prog. Surf. Sci. 68 (’01) 1



Summary of all cases studied in “unified” treatment paper

S.V. Khare & TLE, PRB 57 (’98) 4782



O. Pierre-Louis & TLE, PRB 62 (’00) 13697



Island ─ Adatom or Vacancy ─ Defined by 
Nearly Circular Step!

PD

TD

E C

vacancy island

Dc = Dc0R–α              α = 3 (PD), 2 (TD), 1 (EC)

Dc0 = DstcstΩ2/π, 2DscsΩ2/π, Γ/π



Dependence of cluster diffusion constant on vacancy island size
K. Morgenstern,…G. Comsa, PRL 74 (’95) 2058

(atomic spacing--2.9Å)

(atomic spacing)

173nm x 173nm

4700 s later than (a),
scans every 100 s



Crossover for cluster diffusion exponent α

3

1

2

1/4

1/3

1/2
S.V. Khare & TLE, PRB 54 (’96) 11752



Size dependence of diffusion constant of Cu(001) and Ag(001)

W.W. Pai et al., PRL 79 (’97) 3210

Non-integer exponent between 2 (TD) and 3 (PD)

θ = 0.08ML θ = 0.14ML

island corners
less rounded

( )½



Simulations with rather realistic potentials Xe/Pt(111)

D.S. Sholl and R.T. Skodje, PRL 75 (’95) 1358 

2) N2 atoms (having 2NN) control detachment

N2 ∝ R0.7(2), not R1 as in continuum model

1) Not periphery diffusion

Pre-continuum results!

N=πR2; Rmax ~ 10

~R-1.1(1)

~R-2.0(1)

~R-3.5(1)



Isolated Step Fluctuations: Signatures of 
Dominant Mass Transport Mechanism

E C  o r A D  (A D L ) T D  (D L ) P D

L im ited  by A t/de /tach  a t s tep T errace  d iffu 'n Step-edge diffu'n
F luc tua tion  hea ling
tim e--w id th  y y 2 y 3 y 4

S ize  dep . o f is land
d iffu 'n , R  ∝ √area R  -1 R  -2 R  -3

w 2(t) t  1 /2 t  1 /3 t  1 /4

Is land  a rea  decay t  1 t  2 /3 N /A

E vo lu tion  o f a tom /
vacancy is land

S hrink  to  round
po in t (Grayson's Thm)

W orm like ,
p inch -o ff

H e igh t decay o f
cone  ["face t"] t  1 /4 t  1 /4 N /A

H e igh t decay o f
pa rabo lo id  [rough ] t  1 /3 t  2 /5 N /A



Kinetic Monte Carlo & Analysis

General form of free energy:

With isotropy, F simplifies greatly:

Detailed balance

F. Szalma, Hailu Gebremariam, & TLE, PRB 71 (’05) 035422



Results of Analysis of KMC Simulation Data

1/
τ n

(1
06

M
C

S)
-1

z = 4
3 2

1/τn ~ nz

PD (SED)

EC (AD)

TD

Temporal correlations of “Fourier” modes and their time constants

n = 2

3

4
55

10

⇒



Experiments, resolution
STM, Pb(111) (D.B.Dougherty, M. Degawa, et al. 05, 06)

● spatial resolution: nearly atomic, ~1 Å
● time resolution: 1 min/frame, 10 msec
● no spatial info along step, line-scan
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AD

PD

TD

K. Thürmer et al., PRB '01





Kinetic Monte Carlo
Hopping barrier: Eb=ETD+mEmENNNN+nEnE2NN2NN+kEkE3NN3NN+...+... Break-3 scheme SEAM

Cu(111) no strong effect of 2NN 
on static parameters  
T.Stasevich et al. PRB 2005

Cu(111) collective motion of 
clusters of adatoms
Trushin et al. PRB 2005
Karim et al. condmat/2005

Pb(111)

Long jumps in diffusion
G. Antczak, G. Ehrlich, PRB 2005

ETD=70meV,
EENNNN=130meV



Kinetic parameters

585 185

t (sec)

G
(t)

 (Ä
2 )

10.1

103

102 300K

390K

300K400K

Szalma, Dougherty et al. PRB (2006)
● Long jumps
● Collective motion
● Corner rounding

measurements

KMC

F. Szalma, D.B. Dougherty,…
PRB 73 (’06) 115413



Conclusions re 2-parameter KMC on Pb(111)

● Static parameters such as line tensions, stiffnesses agree well with experiment 

● Low-T kinetics is well modelled by the KMC

● Higher T requires a more complex MC scheme (concerted or collective motion, 

corner rounding, long jumps)



What to do when can’t ramp 〈l〉??

Si(111) (√3 × √3) R30o Al at 970K

〈l〉

suggest DSS, not EC



B. Blagojevic & P.M Duxbury, PRE 60 (’99) 1279



〈l〉

B. Blagojevic & P.M. Duxbury, PRE 60 (’99) 1279

(1/6)G(t) = 33(1) t 0.41(3)

C1(t)  = – 36(6) t 0.09(11)

≠

So EC (AD) NOT DSS!

100 nm

23
 s

ec



Step-edge Fluctuations: 
SED by Ag → AD by C60

Ag step edges

L

C. G. Tao et al., PRB 73, 125436 (2006)
Nano Lett 7, 1495 (2007)

G(t) = [x(t + t0) − x(t0)]2

t0
~ t1/ 4

Step-edge (periphery) diffusion 

Conserved noise

10 nm

~ t1/2 z = 1.85 ≈ 2

Attachment-detachment ltd., random 
Non-conserved noise: Ag kicks C60

τq ~ q-z

z ≈ 4

↔

↔
↔
↔



Island Fluctuations

θEIS

Distribution of Distances between C60 NNs

Distribution of Angle of C60 Triad

θ(deg)

d(nm)



Normal Mode Analysis of Fluctuations of C60 Necklace

Tao et al., NanoLett. 77 (’07) 1495



Analysis of Fluctuation Modes:  Extract stiffness ⇒ β ⇒ εCC

Non-conserved dynamics [vs. conserved for bare Ag (111) islands]

Find Ak = 0.108(2)xk -1.88(1) ⇒ β = 65 meV/Å~

εAA > εAC > εCC

⇒ εCC ≈ 37 meV

τk ∝ k -1.85(5)



m

Si(111) 1x1 Revisited: β(T) & Morphological Evolution
A.B. Pang, K.L. Man, M.S. Altman, T. J. Stasevich, F. Szalma, & TLE, PRB 77 (’08) 115424

LEEM images
1163K
single-height steps

R ~ 1.7 µm

Shape anisotropy < 1% so  eβ(θ) ≈ β(θ) ≈ β

At most 10% decay of R

Ly ~ 3400 nm



o Straight

• Island

Shorter temperal
than image 
integration
time

• Island
o Straight

τ–1(q) ∝ qz

zisl = 2.83(10)
zstr = 2.74(12)

TD, not EC (AD)



Effect of Growth or Evaporation on Dispersion?
A. Pimpinelli, I. Elkinani, A. Karma, C. Misbah, & J. Villain, J. Phys. Cond. Matt. 6 (’94) 2661

Think of Métois’s experiments 
on Si(111) at high T

BCF with weak and strong ES effect, e.g. limit of isolated step

τ–1(q) ≈ Ds (ceq
0β/kBT) q3

τ–1(q) ≈ Ds ceq
0κ [(β/kBT){q2 + κ2}1/2 + dSκ]  q2 κ –2 = Dsτd

Desorption time τd



Facet edge vs. isolated step (or single-layer island) & vicinal surface

"On the Beach": facet "shoreline"
…by a rough sea!

Steimer et al. '01

Dynamic mechanisms

A
B
SEDw ~ Ł1/3

w ~ Ł1/2

w ~ log Ł

FPS: Facet-edge step has much more 
space in which to meander than
steps in rounded [rough] region.

Al/Si(111): T=300K
D.B. Dougherty Ph.D.'04

P.L. Ferrari, M. Prähofer, & H. Spohn,
PRE 69 (’04) 035102



FPS Analysis: steps as [free] fermion world lines

λ-1 is Lagrange multiplier
re conserved volume,
→ 0 in macro limit

Exact result for step density                             in terms of Bessel function Jj & deriv's

Near shoreline, 

Shoreline wandering:  g(s): 2|s| →1.6264 – 2/s2

~ N1/3

In scaling regime shoreline fluctuations are non-Gaussian & related to GUE multimatrix models.

cf. 3-d Ising corner 

κ = ½(πγPTkBT/β)2      where h = - ⅔ γPT (r – ρ0)3/2 (up to lattice consts)~



Heuristic extraction of dynamic/growth exponent β

лLЛ لל Łłљl

A. Pimpinelli, J. Villain, et al., 
Surf. Sci. 295 (’93) 143

• # atoms entering/leaving in t: N(t) ≈ ceqŁLst/τ∗

Ł
w

• Ferrari et al. scaling: W ~ Łα → Ł⅓
• fluctuating area2: W 2 Ł2 ≈ (δN)2 ≈ N(t)

• Ls ≈ a

A) Attachment-detachment limited

1/τ* ≈ kinetic coef.

w ≈ t1/5 or     G(t) ≈ t2/5

B) Step-edge diffusion limited

1/τ* ≈ Dse/Ł2

w ≈ t1/11 or     G(t) ≈ t 2/11

A. Pimpinelli, M. Degawa, TLE, EDW, Surface Sci. 598, L355 (2005).

Isolated steps:



Scaling approach

Dilate by b, so Ł' = b Ł,   w' = bα w,  t' = bz t; equate exponents of b

Nonlinear KPZ term 
in Langevin eqns
due to curvature
(or from asymmetric potential due 
to step neighbor on just 1 side)



STM images (scanned, not snapshot): step & facet edge

(111) facet [close-packed] on 
supported Pb crystallite

Thürmer
et al. '03

Degawa et al.

from screw dislocation
Equilibrium fluctuations studied by F. Szalma et al. '06



STM line-scans 
(pseudoimages)

TI
M

E

X

Isolated

Facet edge (shoreline)

Next step edge

Analyzed on next slide

3rd step edge

fcc metals (late trans., noble,…):
mass transport by SED (B)

w2 = ½ G(t→∞)



Extract 2β from log-log 
plot of experimental G(t)

2/11

1/4Shoreline

Exponent for facet edge is significantly
smaller than for isolated step, with
value consistent with expectation
for asymmetric SED

0.14 ± 0.03G(t)

t

t

Significant facet-size 
dependence of 
fluctuations

~

G(t)
Isolated

0.27 ± 0.04

time (sec)



Summary (see http://www2.physics.umd.edu/~einstein)
• Steps are useful for many applications, bear on many problems of current 

interest, and embody fascinating physics

• Sophisticated experiments, with powerful theoretical and computational 
calculations, allow for quantitative measurements that yield numerical 
assessment of key parameters and allow prediction of associated 
phenomena

• 3 special cases for isolated steps: EC (AD), TD, PD (SED)   

• Capillary wave approach and time-dependence of pseudoscans both 
useful     

• Can be hard to distinguish EC and DSS, both have τ-1 ∝ q2

• Including anisotropy can be necessary, but not always

• How does growth or evaporation affect equilibrium analysis?

• Shorelines have remarkable physics


