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I. INTRODUCTION

Progress in the development of the theory of
two chemisorbed atoms has been hindered by
the very low symmetry of the problem. Mono-

>

layers of adatoms are simplest since they have
the full two-dimensional symmetry of the sub-
strate. Going to a (2 x 1) or a (2 x 2) adlayer,

~which doubles the size of the surface primitive

cell, quadruples the size of a secular matrix,
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raising computer time even more. At the other
end of the scale, a single adatom (in a symme-
tric site) will at least have the point symmetry
of the substrate. With jellium as a substrate,
this increases to full rotational and transla-
tional symmetry. Conserved quantities (‘‘good
quantum numbers’’), which make calculations
simpler, are associated with these symmetries.
As a result, a variety of elaborate many-body
techniques have been successfully applied to
these systems; there are several excellent recent
reviews.!2 For two adatoms on a surface, there
is little or no symmetry, typically just a twofold
rotation or mirror plane (often leading to split-
tings of levels). :

This review will explore the many chemisorp-
tion-induced ways by which two atoms can in-
teract, with special emphasis on the indirect
electronic [*‘pair’’] interaction between light
gas or transition series atoms on a [transition]
metal. Since experimental data on these systems
appear in the papers preceding and following
this one, we will concentrate on theory here.
Progress in the field has come in the form of
study of self-consistency and correlation effects
(which seem to be less important than might be
expected) and multiparameter-model attempts
to describe real systems. Next, we shall show in
a single simple model how pair, three-adatom,
etc. interactions combine to produce ordered
overlayers. We will briefly consider changes in
density of states (DOS) caused by two-adatom
interactions from a similar viewpoint and also

show the more dramatic effects that arise when.

these combine to produce an ordered overlayer.
Finally; we shall introduce temperature into the
problem, discuss how chemisorption systems
can be among the best examples in nature of a
lattice gas, and consider disordering transitions
and island shapes, complementing the previous
paper. In closing, we shall speculate on areas
ripe for development. An appended note con-
siders the asymptotic nature of the pair inter-
action.

II. PAIR INDIRECT INTERACTION
ENERGIES

A. Fundamental Orientation

If chemisorbed atoms are sufficiently close to
overlap each other, there will be a strong direct
interaction. This interaction is essentially a

chemical bond, comparable in strength to the
chemisorption bond. For a larger interadatom
distance R, the interaction falls off exponen-

_tially along with the overlap so that it is negli-

gible for R more than a few angstroms. Most
of the physics of this problem comes from the
two adatoms and their substrate nearest neigh-
bors; hence, a cluster calculation is appropri-
ate. These interactions are important for super-
saturated or even monolayer-covered surfaces.
They also arise in the problem of dissociation
and reassociation of adsorbing molecules (e.g.,
the question of whether there is an activation
barrier), which has been studied both schemat-
ically® and in great detail.* '

If the chemisorption bond is polar, substan-
tial electric dipoles will arise. Kohn and Lau®
recently showed that the nonoscillatory part of
the dipole-dipole interaction energy on metals
goes as 2 u, up/R? for large R. The novel factor
of 2 comes essentially from the fact that al-
though outside a metal the image charge acts as
though it were at the image point, it in fact lies
on the surface. Hence, the dipole exerts a force
on an incoming second charge that is twice
what it would in vacuum. Inserting bg_
we find this interaction energy to be.m
times the two dipoles in debyes over R® in angs-
troms.

Two adatoms will always attract each.other
weakly via the van der Waals’ interaction.® The

.leading term is the dipole-dipole contribution,

which goes as —C/R¢; C in turn is proportional
to the square of the polarizability; is roughly 30
eV-A&ts for Ar, N, and O5; and is five times as
great for Xe.%= For physisorbed gases, this
mechanism dominates the interaction; hence,
the details of the interatomic potential have
been studied extensively. To fit gas-phase data,
one must go beyond a simple R™** Lennard-
Jones repulsion (to some exponential descrip-
tion) to avoid overestimating C by nearly a fac-
tor of two.5*% Two higher order gas-phase ef-
fects are nonnegligible: (1) The R™® dipole-
quadrupole force which increases the depth of
the well minimum by roughly 10%°%-¢ and (2)
the repulsive (in all important cases) R™ triple-
dipole (Axilrod-Teller) interaction, the magni-
tude of which is at most 3% (for Ar) to 5% (for
Xe) of a pair interaction (with all distances set
at the separation giving the well minimum).*%¢
A variety of calculations of rare gas adsorption



onto jellium,"; continuous dielectrics,® Xe crys-
tals,% and graphites* all show that physisorp-
tion reduces the gas-phase pair attraction by
roughly 20%. To apply these results to chemi-
sorption, we can invoke surface molecule pic-
ture to posit that the van der Waals’ interaction
between, say, two chemisorbed O atoms is sim-
ilar to that between two O, molecules (although
now the molecules are oriented), i.e., roughly
—25 eV-AS/(R[A]).¢ At second- and third-
neighbor separations on Ni(001), for example,
this yields an interaction of —13 and —2 meV,
respectively, which is usually negligible com-
pared to the electronic indirect interaction. For
heavy adsorbates (e.g., W or Re) these numbers
could be several times greater;*** no firm data
exist. )
"The preceding interactions have been classed
as “‘through space’’, in distinction to ‘‘through
‘bond’’” or indirect interactions, which are dom-
inated by bonding to the background. The es-
sence of this interaction. is seen in Figure 1,
taken from Grimley’s pioneering work® on this
problem. Consider two atoms, each with an
atomic potential producing some [relatively
high-lying] bound state. In free space (and at
moderate separation), each of the bound-state
wave functions will remain confined near its
atomic site; vacuum barrier is insurmountable.
If, alternatively, they are adsorbed onto (or ab-
sorbed into) a metal, both atomic wave func-
tions can tunnel through the narrow potential
barrier to the metal and couple with metal wave
functions. Figure 1B shows how both atomic
wave functions might couple to one such back-
ground eigenstate. If the coupling places the
two atomic wave functions in (out of) phase,
the interaction is attractive (repulsive), lowering
(raising) the energy of the participants. From
the oscillatory nature of the intermediate wave
function, the electronic indirect interaction
should be oscillatory in sign as a function of
interadatom distance. It should be isotropic in
orientation if and only if the metal background
is. In fact, there is a quasicontinuum of states
via which the two atomic orbitals can couple.

As distance increases, fewer will match well:

with the atomic orbitals, causing a rapid decay
with separation. '

Analysis of this pair-problem generally pro-

ceeds from a two-impurity Anderson-type
model:®-*°

N
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H=Hmetal+l'{a +Hb +Ham+Hbm m

Here, A mewa: is the Hamiltonian for the unper-
turbed metal, # . and tA, for the isolated im-
purity atoms, and #.. and f . the coupling
between atoms and metal. The absence of A ..
indicates that there is no direct interaction.'®
Work on the problem has amounted to taking
progressively more realistic expressions for
some of these terms and solving the resulting
system to varying levels of approximation. We
shall follow the common practice of assuming
that atoms a and b are identical. The above an-.
satz is couched in an atomic orbital picture, at
least for the two adatoms. It will be shown that
this framework is well suited to our problem,
although it does neglect orbital deformation ef-
fects and related phenomena.
For substrates, typically

H =3 efnfy @
metal kpo — —

thereby assuming a one-electron description; u
is a band index, which is dropped in single-band
models. Occasionally many-body effects are
considered in a Hubbard model sense.***? Since
only lateral crystal momentum 1_§|| is conserved
for a slab or semi-infinite crystal, k merely la-
bels the states in some suggestive fashion.

1 1

A
11 o~ T
B

FIGURE 1. Schematic of the pair interaction. Wave func-
tions for two atoms moderately separated (A) in vacuum
and (B) chemisorbed on a metal. (From Grimley, T. B,
Proc. Phys. Soc. (London), 90, 751, 1967. With permis-
sion.)
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The coupling between atom and host has the
Anderson form o

<

: +
H am ~ lfc [Vak Cao CEU + h'°] 3

with b simply replacing a in #,.. Except in
the most detailed band-type calculation, one as-
sumes that the only k dependence in V.. comes
from its position, so that-in a position represen-
tation

Ham=-V= l:ca; Coo + 1 c:l , @)
o

for binding to a single site or position (called o)
or for binding to some group orbital Z a; (1)
[w1th2 a; = 1],

Ham--v>: [1 a;“cw+hc:| o)

In this case, the group summation may be in-
cluded either in the coupling®®** or in the metal
part.*s-*¢ In principle, this coupling should also
consider an overlap term between “atoms and
metal. Numerous detailed articles**7-2° have
addressed this question. The usual result is to
‘“‘renormalize’’ previously stipulated natural or-
bitals (and resulting energies) with- Lowdin?! or
Gram-Schmidt®? schemes.
The adatom part of the Hamiltonian is

Ho=e,

o]
a 2na

5 Nag * Uty gy ’ Q)
and similarly for #,. This expression can be
generalized to include degenerate orbitals,??
multiple levels, etc. Most simply, one might
parametrize &.° as the ionization level of the
adatom and U as the difference between it and
the affinity level. ¢,° should be raised-and U re-
duced by consideration of correlation effects -
(screening and image charges).*® In a
[restricted] Hartree-Fock sense, we can neglect
U entirely and replace.¢,° by ¢, = £,° + U<n,.>,
_ where <n,.> is the mean occupation of the ada-
tom for either spin direction. For neutral chem-
isorption, <n,.> is 1/2, suggesting that ¢, be the
[negative] average of the ionization and affinity

energies, as in many chemical molecular orbital
calculations.?® Pandey?¢ has used the idea -of
chemical transferability: he adjusts the adatom
and coupling parameters so that cluster com-
putations of small molecules made of the rele-
vant elements fit the levels found in photoem-
ission experiments; presumably, the same
parameters carry over to the chemisorption sys-
tem. Brenig and Schonhammer,?” Hertz and
Handler,?*® and Bell and Madhukar?® have taken
steps beyond Hartree-Fock in the case of single-
atom adsorption. The first group’? has also
shown in the pair problem that self-consistency
effects are relatively unimportant, compared to
the single atom case, as will be discussed below.

To obtain the quantities of interest — inter-
action energy and change in density of states
(DOS) — it is helpful to first compute the phase
shift

n(e) = Im In det ( 1- G(e)j\>) )]

where G(g) is the advanced Green’s function for
the unperturbed system (in this case 4 ,ecar + H .
+ AH,) and V is the perturbing potential (here
the chemisorption coupling #.. + A ... This
approach makes optimal use of the symmetry
of the unperturbed system. In terms of n, one
finds the change in DOS to be ‘

Ap () =71 (3/d €) nle) ] (8)

and the interaction energy
_EF
2 I (e—ep) Ao (e) de

=-2F (o) de ¥E)

where the factor of 2 comes from spin degen-
eracy and the use of ¢ — & rather than just'e
indicates that the number of electrons rather
than ¢ is being fixed.315-3°

To evaluate the phase shift in this frame-
work, the adatom sites (a and b) are written
first, then the substrate nearest neighbors to
which they couple (o and n), and finﬂlly all
other substrate sites. The matrix (1 — GV) then
differs from a unit matrix only in the upper left-
hand 4 x 4 block:
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A
det (1 - GV) = det 0 1
_Goo Voa _Gon an
_Gno Voa —Gnn an

Although this expression implicitly assumes
that the adatoms sit in the atop position, it can
-be edsily generalized by modifying the G;; (i,j
= 0,n) to represent a hybrid of substrate orbit-
als.*®* While this determinant can be evaluated

1-G,,V,, G,V

aa Yao “oo 'oa
N -7 be Vbn Gno Voa
det (1 - GV) =det - G00 Voa

- Gno Voo .

'so that the nontrivial part is isolated in the up-
per left 2 x 2 matrix, taking full advantage of
the locality of the perturbation. For identical
adatoms, all V elements are —V, G;, = G.., G...
= G,,, and G,,, = G.,, yielding

n=Imln {(1-V2G )»* (1-V* G2 G, (12)

aa GOO
where G.. = G../(1 — V? G.. G.,) is a renor-
malized Green’s function for the adatom due to
single-atom adsorption. Because of the loga-
rithm, the phase shift (and hence the changes.
in DOS and energy) characterizing the ‘‘pair’’
interaction of the adatoms can be obtained di-
rectly from the phase shift associated with (1 —

" V* G2 G%,'s rather than from explicitly sub-
tracting twice the single-adatom phase shift
from the two-adatom shift.*> For any number
of adatoms, the single-adatom adsorption part
factors out of the matrix.'®3* On the other
hand, as will be seen, for more than two ada-
toms there is no way to factor out the pair ef-
fects from the higher order ones.3?

B. Basics of the Electronic Indirect Interaction

In the LCAO framework, the formula for the
pair interaction energy E, between the adatoms
adsorbed on sites 0 and n (which we identify as
nth nearest neighbor sites on the surface) is,
from Equations 9 and 12,

€ . —
E,=-2 % mm l:l—V‘ Gon? aa=:| de a3)

—co
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_Gaa Vao 0
0 ~Gpb Von (10)
1 0
0 1

straightforwardly by expansion in minors, this
is not so for the three-adatom case to be consid-
ered later.” Using row reduction techniques,
Equation 10 can be rewritten as

=632 Vao Gon Vap 0 0
1-GyVon Gon Vp 0 0 .
~Gon Ve 1 o UD

1

- Gnn an 0

—

Later, we shall refer to the interacting pair itself
by E.., in a manner that should cause no confu-
sion. This nth-neighbor pair interaction is an -
implicit function of £ and V as well as the bind-
ing site symmetry.

To understand this interaction, we first ex-
pand the logarithm and consider the lowest or-
der term*® (often a good approximation)

€ —
Ey~2 1L mV* Gop? (9G,," (de a4)

If G.. is neglected, Equation 14 is just the
RKKY interaction energy,** in which two local-
ized spins interact via coupling to a bulk con-
duction electron sea. Hence, the propagator
G,.(¢) — or more precisely G(R;<) — is that for
jellium, making the interaction isotropic. The
energy is proportional to F(x) = (x cos X — sin
x)/x% where x is 2k, R and R is the distance
between the spins. It is thus oscillatory in R and
drops off asymptotically as R™3, characteristic
of Fermi surface domination.

Grimley®3* was the first to apply the Ander-
son model to chemisorption. In then-standard
fashion, he neglected the detailed energy depen-
dence of G,, and G,., making what amounts to
the weak-binding approximation of replacing
them by their values at resonance. He reports
analytic results in several limits, u\sing as a sub-
strate a semi-infinite single-band crystal with a
phenomenological surface reactivity. Under
particular conditions; he-evaluates the asymp-
totic form of the pair interaction energy and
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finds it to vary sinusoidally and decay as R,
except in ““critical directions’ where it falls as
R-5.31114 [A critical direction was deflned to lie
m the surface plane perpendicular to 7, where
s the third primitive vector of the substrate,
the first two being taken in the surface plane.]
Recent clarifying results are presented in the ap-
pended note.

Extensive calculations of pair interactions
were performed by Einstein and Schrieffer*® on
a system in which the adatoms and coupling are
much like Grimley’s but in which the substrate
is the {100} face of a single-band simple cubic
crystal (cubium).?* No approximations beyond
the tight-binding model itself are made in the
actual calculation. Table 1 capsulizes the re-
sults. The energies are measured in units of one-
sixth of the bandwidth (i.e., the substrate tight
binding nearest-neighbor hopping is -1/2 in
these units). For the typical transition metal d-
band being modeled, this unit is of the order of
1 to 2 eV. The Fermi energy and the energy &,
representing the principal interacting orbital of
the adatom level are measured relative to the
center of the band. As Table 1 illustrates, the
pair interaction is highly anisotropic, oscilla-
tory in sign, and rapidly decaying. At close sep-
arations, the decay is precipitous and more ex-
ponential than inverse power-like, dropping
roughly by 1/5 with each lattice spacing. A la-
borious calculation!® (see the appended note)
verifies Grimley’s prediction of R behavior
asymptotically — every direction on the {100}
face of cubium is critical. The change from ex-
ponential to inverse power dependence corre-
sponds to many electronic states participating
in the pair interaction vs. just the Fermi surface
electrons (as in RKKY) doing so in the asymp-
totic limit. The energies are very sensitive to the
adatom binding site. They are comparatively
insensitive to changes in £, and V and are some-
what more sensitive to shifts in the Fermi en-
ergy, especially for larger interadatom separa-
tion. Typical values of the magnitude of the
nearest, next-nearest, and third-nearest pair
energies are 1 X 107, 2x 107, and 8 X 1072 units, -
although each can vary.over a range of an order
of magnitude. :
C. Coulombic Effects: Self-consistency and
Correlation

Questions of self-consistency have pervaded
most recent efforts in the pair problem. In the

LCAO framework, since the electron orbitals
are fixed at the outset, self-consistency is dis-
cussed in terms of the Friedel sum rule*® (which
in this case requires charge neutrality within
some finite range of an adatom) rather than
Poisson’s equation.? Typically, &, is manipu-
lated®”-*® (making it a derived rather than a free
parameter). Often, a similar term is added to
the nearest neighbor(s) on the surface,®”*
thereby inviting new surface states.**** Some-
times, off-diagonal Coulomb terms are also in-
cluded in various ways.?*%® Generally, neutral-
ity is required either at each site®’-*® or just in
the surface cluster consisting of the adatom and
its nearest neighbor(s),**?” excluding any longer
range oscillations. The quantitative results are
rarely compelling. Qualitatively, one finds*®®
the following results for a less-than-half-filled
band (the opposite being true for more than
half filled): e, will move toward the center of
the band to reduce the charge that would tend
to accumulate near the chemisorption band; a
diagonal term would do the same on the sub-
strate neighbor, except that it should have orig-
inally been negative to compensate for the band
narrowing due to cleaving the crystal.

A second approach assumes thatin a strongly
chemisorbed system, the physics of the pair in-
teraction lies in a surface molecule. A small
cluster is treated carefully, gaining an improved
description of local Coulomb effects at the ex-
pense of any background effects from the sub-
strate. From studies of W.H and W;H., for ex-
ample, Grimley and Torrini** conclude that H
atoms at nearest-neighbor sites on an W{100}
will be unstable, with the repulsive energy being
on the order of 200 meV. (Interestingly, the re-
pulsion was twice as great in an 'Anderson
model® description as in a Hubbard model.*")
This method is not very appropriate for more
widely separated pairs, since the distance from
the adatom to the edge of the cluster should
presumably be at least the distance from the
other adatom. Since the ¢‘substrate’”’ wave
functions on which the pair effects hinge are
sensitive to the details of the cluster, matching-

_conditions to the outside must be delicately

tuned. Moreover, in cases where adatoms bond
to a common substrate atom, some anomalous
structure may arise*s which should not be gen-

_eralized. The best hope for cluster approaches

is to embed them in exactly solvable semi-infi-
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nite substrate.*** Grimley and Pisani*®* have
done so for clusters containing single adatoms
and calculated in SCF-LCAO-MO scheme.

Schénhammer et al.'? have carefully treated
correlation effects in the pair problem. For
each adatom and spin, they project onto the
two atomic states in which that adatom is either
occupied or unoccupied by an electron of op-
posite spin. Since they focus on the adatoms,
they calculate interaction energies using an
expression which requires only the [perturbed]
Green’s function on the adatoms, G ...** For
the interaction of a single adatom, this expres- -
sion is

E L . Tr {z+¢,°+ T @ - 22" (2))

single ~ 371
Ga @}dz- ea°, L )]

The trace runs over the four possible adsorbate
atomic states; the contour encloses the occu-

pied energy states in the complex energy plane
G.e., 5117—1 $. corresponds to fF). T(z) is a one-
body self-energy analogous to V2 G,,. Since the
projected field operators do not satisfy the can-
onical anticommutation relations, Schénham-
mer et al.’? invoke an equation of motion ap-
proach.*® They arrive at a (2 X 2) self-energy
matrix M in the space of atomic states of one
spin. M is expressed in terms of I' and the
many-body contribution m(z), which is the
source of mixing of the atomic levels and is cal-
culated to order V2 either in some limiting
case?”-*¢ or variationally.*? In the two-adsorbate
case, a generalized form of Equation 15 is writ-
ten, but to find the pair interaction, twice E.ing.
of Equation 15 must be subtracted; there is no
natural factorization as in Equation 12. The
self-energy matrix M now becomes (4 X 4), hav-
ing components for each adatom. A new varia-
tional parameter is introduced which (for weak
V) reduces to the expectation value of the dot
product of the spins on the two adatoms (which
leads to small splittings between ferromagnetic
and antiferromagnetic spin configurations).
Formal results of Schonhammer et al.*? are ca-
pable of also including scattering in the sub-
strate and a direct interaction between the ada-
toms (that being a simple hopping term),°
although their numerical work neglects these
possibilities. Using a {100} cubium substrate
with parameters appropriate to H on Ni,

Schénhammer*” had previously shown from a
variational approach that the single-adatom
binding energy is roughly one-third stronger
than in Hartree-Fock (although the two curves
did have the same structureless shape — a U
with flared verticals — as a function of 7). As
shown in Figure 2, Schénhammer et al.* find
that this correlation energy, one-fourth the
binding energy, roughly cancels out when the
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FIGURE 2. Pair indirect interaction energy for two Hs in
the atop position at (A) <10> nearest (‘‘AE,.,”’ called E, in
text) and (B) next-nearest (‘‘AE;,”’ our E;) neighbor sites
on cubium, plotted vs. Fermi energy (with other parameters
appropriate to Ni). The dashed curves are Hartree-Fock;
the solid curves also include correlation as treated by
Schénhammer et al.*? (From Schénhammer, K., Hartung,
V., and Brenig, W., Z. Phys. B, 22, 143, 1975. With per-
mission.) ’



pair interaction energy is computed. Although
this cancellation is reported to be less complete
for other parameters, the qualitative behavior
holds for V’s on the order of the critical hop-
ping (below which Hartree-Fock local moments
arise). In addition to confirming the aniso-
tropic, oscillatory behavior of the pair interac-
tion, these authors corroborate the roughly ex-
“‘ponential fall-off with separation (for
interadatom distances of order one to four lat-

“tice constants): The implication of this work is -

that correlation effects (in the form of careful

treatments of the Anderson Coulomb term),
while important for single-adatom effects, can

(to a reasonable approximation) be neglected in
computing pair (and higher order) effects.

D. Semirealistic Calculations

Recent research in chemisorption theory has
stressed generation of numerical results to
quantitatively fit data from UV photoemission,
ion neutralization spectroscopy, and low-en-
ergy electron diffraction (LEED) experiments.
The primary object has been to compute the
spatial and energy distribution of the electron
density near the surface region and to find exact
. locations of surface states. For these applica-
tions, self-consistency (here, in a Poisson’s
equation sehse) is crucial. To gauge the role of
such effects, much work has been done on the
adsorption of single adatoms. on jellium.*®
Meanwhile, realistic self-consistent pseudopo-
tential substrate calculations began appearing?
with Appelbaum and Hamann’s*® treatment of
Na{100} and Si{111} and followed by many
other studies®® of crystalline semiconductors
and. simple metals. Pair interactions on these
substrates are undramatic. On -alkalis (aside
from the fact that they are weak chemisorbers),
adsorption will involve so much charge transfer
that the dipole-dipole repulsion dominates lat-
eral interactions. Since semiconductor electrons
are relatively localized in covalent bands, it is
difficult to' propagate electrons from one ad-
sorption site to another, as manifested by the
band gap. For most of the schemes cited above,
consideration of anything but a (1 x 1) over-
layer is prohibitive. Pandey’s?® multiparameter
tight-binding approach for H on Si{111} and
Gef111} could presumably be directed toward
the two-adatom problem. Tosatti®* has consid-
ered the interaction between adatom pairs on
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Si{100} 2 x 1, assuming a short-range defect po-
tential for the adatoms and linear response by
the surface electrons. His pair interaction is al-
ways repulsive and oscillatory (in strength) with
separation, but with an exponentially decaying
envelope (due to trying to propagate electrons
in the gap).

Realistic calculations for transition and noble
metals are now appearing. Terakuras? and Dav-
enport et al.>®* (who did a semi-infinite sub-
strate) considered Ni{100} in a nearest neighbor
LCAUO tight-binding model. Kasowski** applied
the LCMTO (linear combination of muffin-tin
orbitals) to this substrate, then added (1 x 1)
overlayers of O and Na to study adlayer-in-
duced surface states for (2 X 2) overlayers
[rationalizing that the states are basically one-
adatom effects]. Promising non-self-consistent .
calculations have been done for Cu films using
multiple-scattering®® and LCMTO®¢ techniques
and for Fe and Cu slabs of several orientations
using a many-parameter tight-binding model.5”
Self-consistency has just been achieved for
Cu{100} and Ni{100} films with an ab initio cal-
culation®® and for Cu{l11} with an elaborate
supplemented Gaussian orbital scheme in a lo-
cal density approximation.®® Since these calcu-
lations are at the border of computability, we
can expect nothing beyond (1 x 1) overlayers for
the near future.*®

The most advanced multiparameter calcula-
tion of pair effects is Burke’s?® study of two
transition metal adatoms on a transition metal
substrate. The goal was to better understand
pair data gleaned from experiments performed
by Tsong and co-workers,*®%! Bassett,*2 and
Graham and Ehrlich,%® using field ion-micro-
scope tips (described in the subsequent paper).
Generalizing Einstein and Schrieffer,** Burke
first shows how fivefold degenerate adatoms
may be incorporated into the formation start-
ing with Equation 7 by an orbital-peeling ma-
trix procedure. The idea is to (1) focus on one
of a pair of nearby adatoms, (2) remove it from
the system orbital by orbital, and (3) replant it
““infinitely’’ far away (as though there had been
originally five single-level adatoms rather than
one at each site of the pair). In this procedure,
the bulk is unspecified. In actual calculations,
his substrate is the {100} or {110} face of a semi-
infinite bec crystal, with adatoms imagined as i
the same element (viz., W) as the substrate and
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sitting in the otherwise vacant lattice sites above
the surface. All diagonal matrix elements are
set at the energy zero; the possibility of having
to modify what amounts to £, = 0 is discussed
and dismissed, thereby completely neglecting
self-consistency corrections. Overlap is also ex-
cluded. Slater-Koster®* matrix elements be-
tween nearest and next-nearest sites are calcu-
lated in terms of the two sets of 3 d-d tight-
binding parameters. Alas, these six values are
simply scaled up from narrow band values, S ig-
noring any details of hybridization with s-p
electrons.®® Computation of substrate Green’s
functions is not at all straightforward; Burke
eventually adopts a technique which combines
the continued fraction approach®” with a
scheme counting poles and zeros on the real en-
ergy axis. When the adatoms are separated by
just a [bulk] nearest or next-nearest neighbor
distance, a direct interaction between them can
also be included, as shown in Figure 3. Here,
the interaction energy is plotted as a function
of substrate filling for a sample pair orientation
of the {110} surface. In Figure 3A, with no di-
rect interaction, the curve looks similar to those
of Einstein and Schrieffer.’s Inclusion of the
direct interaction (Figure 3B) can make a sub-
stantial difference. Overall, Burke reconfirms
that the pair interaction energy has roughly the
same size as described by Einstein and Schrief-
fer's and that it oscillates as a function of ¢ for
fixed separation and as a function of R for

fixed e,. In a rather cursory look at decay with

. separation, Burke finds much faster fall-off on
the {110} face than the {100}; there are no ana-
lytic results. The pair binding of a nearest-
neighbor dimer on the {110} surface is calcu-
lated to be nearly five times the experimental
value of 0.3 eV.%"%2 Another difficulty is that
recent work®* suggests that the adsorbed W sits
in a “‘surface site’’ rather than a ‘“vacant lattice
site’’. Burke alleges that this makes little differ-
ence, but gives no supporting evidence; in light
of the results of Einstein and Schrieffer!s (see
Table 1), especially the difference between the
two bridge configurations, such insensitivity is
surprisirig. In short, theory is still unable to
make quantitative predictions. Burke suggests
a number of sources of error, but aside from
adding a Coulomb counter term or massaging
parameters, it is not clear how to improve mat-
ters simply; better substrates are needed.
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FIGURE 3. Burke’s plot of pair interaction energy (called
W) vs. substrate Fermi energy for two adatoms at next-
nearest neighbor [above-the-surface unoccupied lattice]
sites on the {110} face of a'bce crystal, with (A) direct inter-
action set to zero and (B) direct interaction included. (From
Burke, N. R., Surf. Sci., 58, 349, 1976. With permission.)



E. Lattice Indirect Interactions

Cunningham et al.® have studied the contri-
bution to the free energy of the interaction be-
tween two identical adatoms via the substrate
phonon field. The adatoms sit in the atop posi-
tion on the {100} face of cubium. Results are
computed as a function of the three dimension-
less quantities: adatom mass over substrate
mass, adatom-substrate coupling over sub-
strate-substrate coupling, and interadatom sep-
aration R (in lattice constants). They find that
the zero point energy is invariably attractive

and that it decreases monotonically in strength

with increasing R, going like R™7 for large R and
as shown in Figure 4 for shorter R. This figure
shows that the attraction is at most 10™ hw,
(where w; is the maximum phonon frequency)
or of the order of 10°¢ eV, and, is thus nearly
always negligible. We note in passing that
Schick and Campbell®® obtain an interaction
four orders of magnitude greater in a model in-
appropriate to chemisorption: their adatoms
are delocalized and treated as Bloch waves.
Very recently, Lau and Kohn investigated
the long-range interaction between two ada-
toms due to classical elastic distortion of the
substrate. For identical atoms, this interaction
is always repulsive; for different adatoms, the
energy can have either sign. The energy depends
on the Poisson ratio and the shear modulus (in-
versely) of the substrate. It decays as R, just

as does the dipole-dipole repulsion, but (for xe--

non on noble metals) is roughly an order of
magnitude smaller. On the other hand, at near-
est-neighbor sites, it is three or four orders of
magnitude greater than the phonon-mediated
attraction just discussed; in essence the calcu-
lation of Cunningham et al.® gives the leading
quantum correction to the classical distortive
effects.

IiI. MULTIADATOM EFFECTS

A! Three-adatom (Trio) Interaction

Thus far, this discussion has been concerned
with no more than two adatoms on the surface.
Except for field-ion-microscope experiments,
real situations involve large numbers of chemi-
sorbed atoms. Einstein and Schrieffer'® take the
view that overlayer electronic energies are over-
whelmingly dominated by nearest-pair interac-
tions. Calculations of changes of DOS raised
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FIGURE 4. Zero point energy of the pair phonon indirect
interaction as a function of separation distance for two val-
ues of the ratio y'/y of adatom-substrate force constant
(coupling) to substrate interatomic force constant. The ada-
tom and crystal atom masses are identical. The solid line
gives the asymptotic limit, while the points are specific nu-
merical results. (From Cunningham, S. L., Dobrzynski, L.
and Maradudin, A. A., Phys. Rev. B, 7, 4643, 1973. With
permission.)

some questions about convergence, prompting

- many of the calculations below.

Equation 11 was written to permit an easy’
generalization to three adatoms. If the sites to .
which the adatoms bind are lth, mth, and nth
nearest neighbors, we find, making the same
identifications that led to Equation 12, that

= _v2 3
n=Imln [(1-V? G_)° 4]
where

A=1-V* G’aa2 (Golz + G"orn2 + Gonz) -

— 3
2V¢ Gy, Gy Gom G ». (16)

om ~on

As indicated in Section II.A, A does not factor.
We define a trio interaction energy*é as
E_ =-2,F Inin(a)de~E~E_ -E

mn= "7 /e €= L1~ 5m ™ 5n an

Again, we shall use E,,., as a shorthand to refer
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to the three-adatom arrangement as well as
their interaction energy. There are two aspects
to this new interaction: (1) a new triangular
path permitted electrons, represented by the G
G G term, and (2) an ‘‘incompleted cubic’’
term, marked by the absence of V& and V*2
terms that would be present in E, + E,, + E,
if their logarithms were merged. Trial calcula-
tions with moderate V appropriate to chemi-
sorption sugggest that the ‘“triangle path’’ gives
a fair qualitative account of the full interaction.

Figure 5 displays the trio interaction energy
plotted against & of {100} cubium for previ-
ously used values of V and ¢, for four trio con-
figurations that arise in a c(2 x 2) pattern on a
square lattice surface. The trio energies appar-
ently are dominated by the two closest (strong-
est) pairs. (Note that there is no E, [nearest
neighbor] pair for this adlayer.) The two triads
for which two of the “‘sides’’ are E, [second-

Il

where the summation goes over the surface
Brillouin zone (SBZ), containing N” (the num-

e _
_7&_& f_ ImIn (1= V2 Gy (Glk,p) - Gy ()} 1de

nearest-neighbor] pairs have the strongest trio
interaction energy; the one with E; as its third
side, E22;, being somewhat more potent. With
increasing adatom separation, the trio energies
fall off rapidly, much like the pair energies.

Figure 6 answers the obvious next question
of how these trio energies compare with pair
energies. The E.,; triad’s trio energy is compa-
rable to (although somewhat weaker than) the
Es curve. Note that E, is plotted at one third its
strength to make the graph clearer and to antic-
ipate Section IVB; it is significantly stronger
than the other two plotted energies.

M

B. Complete Overlayers

While .quartets, quintets, ad nauseum could
be generated, numerical noise problems would
soon arise. Starting from the other end, we eas-
ily find that the interadatom interaction energy
per adatom for a complete (1 X 1)' adlayer is

i‘; ImIn {[(1 - V* Gy, (&) Glk,)]/11 - V? Ga(®) Gy (@] Jde

(18)

ber of surface sites) or, equivalently, N, Cthe
number of adatoms) points. The G(k",e) are
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FIGURE 5. Trio interaction energy vs. substrate (cubium) Fermi energy for sev-
eral configurations arising in a ¢(2 x 2) adlayer, as illustrated in the insét. The model
parameters are atop binding, V = 3/2, and ¢, = —0.3. From left to right in the

inset, these trios (and the curves giving their interaction energies) are E..; (solid),
E..s (dash-dot), E.3s (dash-dot-dot), and E;;s (dash).
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FIGURE 6. E.;; trio interaction energy (solid curve), E; pair energy (dash-dotted
curve), and one-third of the E, pair energy (dashed curve), all vs. Fermi energy,
using the parameters of Figure 5. The curves are of comparable magnitude.

analytically computed®* and were implicitly
used above to form the G,; according to
Gy@=L = Gk ae 1T 19
N i
I Ky ,
Thus, the lowest order (in vV* G,,) term in an
expansion of the logarithm is of the order of V*
G..2, the coefficient being the 'sum of all possi-
ble G2 for i or j fixed, i.e., the lowest order
contribution of the sum of all pairs.

As suggested by Burke’s work,?* neglect of
any direct interaction for E, pairs on a square
surface is a poor approximation, especially if
the adatoms are comparable in size to the sub-
strate atoms. Therefore, we focus on the c(2 x
2) overlayer. Since the real space unit cell area
is doubled, the SBZ is halved, most naturally
taking the form of an inscribed ‘‘diamond”’
(square rotated by 45° with dimensions de-
creased by 27'/?). Points outside the new SBZ
get folded back in, resulting in doubling of the
[highly blurred] two-dimensional band struc-
ture. ‘After much algebra, we find”* thdt to de-
scribe a ¢(2 % 2) adlayer, we simply replace
G(k“ ,€) in the right-hand side of Equation 18
by C .

{G(k”,e) - G(Tf(lal) - k”,E) }/2

Figure 7 shows the interadatom interaction -

energy (per adatom) for a full ¢(2 % 2) overlayer
as a function of substrate filling. For compari-

son, we summed explicitly the pair energies for
all pair configurations arising in a ¢(2 x 2) pat-
tern (only the five shortest contribute signifi-
cantly) weighting them according to the number
per adatom existing in the pattern: two for pairs
along the <10> and <11> mirror axes, four
otherwise. This curve does a reasonable job of
reproducing the c(2 x 2) plot, except perhaps
near the half-filled substrate region, where the
pair curve has the correct shape but only half
the needed amplitude.*** The trio curve gives an
explicit sum of trio energies, again with the ap-

propriate weighting factors. This curve helps

make up the difference near the center of the
band and is generally not too noticeable, except
near energies corresponding to the Hartree-
Fock bonding and antibonding resonances in
the DOS. In short, trio energies are not too im-
portant in total overlayer energies, but may be
significant for effects involving E; pairs,’* such
as discussed in Section IV.B.

C. Changes in Density of States

As suggested by Equations 7 to 9, the phase
shift calculated to compute interaction energies
can also be used to obtain the associated change

in DOS. In Figure 8A, we display Ag (total DOS

for adsorbed surface minus DOS for clean sur-
face) for a single adatom in the atop position.
The coupling V is moderately strong, approach-
ing the regime in which the system can be
viewed as an adatom-substrate neighbor sur-
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FIGURE 7. Lateral interaction energy per adatom (solid curve) vs. Fermi energy for a c(2 X
2) adlayer, with the parameters of Figure 5.1 Also plotted are the sum of all pair interactions
per adatom (dashed curve) in the layer and the trio interactions [actually just the dominant
E,.; and Eas contributions] per adatom (dash-dotted curve). Except near the band center, the
pair curve closely follows the c(2 x 2) curve. (From Einstein, T. L., Phys. Rev. B, 16, 3411,
1977, in which the ordinate scale was 28% too large. With permission.)

face molecule rebonding to an indented solid.
The spectrum accordingly is dominated by
bonding and antibonding resonance peaks lying
roughly equally on the adatom and its substrate
neighbor.*¢ Relative to the single-adatom curve,
the E, pair contribution is strikingly large, es-
pecially in comparison with the very small ratio
of the pair to single-adatom energy curves. Al-
though there is some broad structure near the
center of the band, the chief characteristic of
the pair interaction is to split the bonding and
antibonding resonances. Figure 8B repeats the
E. pair interaction, along with the E; pair and
the E,;s trio as in Figure 6. The convergence is
worse than for energies (the E, pair curve is not
reduced by a third here). Figure 8A shows the
outcome of summing to a full ¢(2 % 2) layer; we
shall return to it after determining what signif-
icance to attach to these simple computations.

In the studies transcending Hartree-Fock?”**
the local DOS on the adatom (the usually cal-
culated quantity) is found to develop new peaks
for physically reasonable intra-atomic repul-
sions U. For strong bonding, this new structure
can be related to describing two-electron pro-
cesses (e.g., shake-up) in a one-electron picture;

for weak bonding, they correspond to atomic
states. Again, we focus on the work of Schon-
hammer et al.,*? as they are the only group to
have considered two adatoms. Figure 9 depicts
their results with and without correlation ef-
fects for the local DOS on one of two H atoms
atop nearest-neighbor (E,) sites of {100} cubium
parameterized to resemble Ni. Their previous

figure [not reproduced] shows the same two

plots for just a single H. The only effect of the
pair interaction is to broaden and split the
bonding and antibonding peaks in each plot.
The intensity and position of each of these
peaks are unaltered. Moreover, the new corre-
lation-induced peaks are apparently completely
unaffected by the pair interaction.. Since the.
shape of the splitting is similar in both plots,
we suppose that Hartree-Fock calculations of
pair or higher order changes in DOS should
have at least qualitative utility.

Since the pair effects are sizeable, the change
in DOS per adatom for a full adlayer would be
expected to differ considerably from that for a
single adatom. Ho et al.**** studied chemisorp-
tion on the {100} face of a single-band tight-
binding bec crystal. The change in DOS for a
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FIGURE 8. Contributions to total change in density of states per adatom, AQ(e)
vs. energy, with the parameters of Figure 5, germane to the c(2 X 2) overlayer: (A)
single adatom (dashed curve), E, pair interaction (dash-dotted curve), and half A%
for a c(2 x 2) overlayer (solid curve). The c¢(2 x 2) curve includes [half] the single-
adatom contribution. The peak at E~ 1.6 extends to about 1.6. (B)¢, pair contri-
bution again (dashed curve — same as dash-dotted curve in A), E; pair (dash-dotted
curve), and E,; trio curve (heavy solid curve). (Adapted from Einstein, T. L., Phys.
Rev. B, 12, 1262, 1975. With permission.)

single adatom in the centered position (i.e., the dip at the center of the band brought on by the
unoccupied lattice site) looks very similar to our idiosyncratic band-center peak in the local DOS
result in Figure 8A; for the atop site, their curve on the clean bcc surface. Figure 10 gives their
is also rather like our result, except for a sharp result for a full (1 x 1) overlayer with atop bind-
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FIGURE 9. Local DOS on one of a pair of H atoms adsorbed on nearest-neighpor
(E,-type) sites, with the same parameters as in Figure 2. The upper curves are results
of Schdnhammer et al.;'2 the lower is Hartree-Fock. (From Schonhammer, X., Har-
tung, B., and Brenig, W., Z. Phys. B, 22, 143, 1975. With permission.)
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FIGURE 10. Total change in density of states per adatom (An(e) is our Ag) fora "~~~ "7 7
monolayer of adatoms in the atop position on the {100} face of a semi-infinite single-

band bee crystal. The energy unit is (band width)/16; o is our V. The solid curve is

a non-self-consistent calculation for ¢, = —1; the dashed curve, for E,= O, is trivi-

ally self-consistent for a half-filled substrate band. (From Ho, W., Cunningham,

S. L., and Weinberg, W. H., Surf. Sci., 62, 662, 1977. With permission.)

ing. The bonding and antibonding peaks are
narrowed and decidedly skewed. In the surface
molecule limit, which they are nearing, the en-
tire top layer of the crystal (i.e., the two-dimen-
sional set of active orbitals) is peeled from the

solid and each forms a molecule with an ada-
tom. The dimer orbitals are modified by pertur-
bative interactions among themselves and with
the truncated substrate. This process involves
moving what acts as the top layer of the crystal



one layer down, essentially removing one bulk
layer; hence the negative region in the center of
the band should reflect the bulklocal DOS. Fig-
ure 10 also purports to indicate the effects of
self-consistency, which in this case are rather
minor; what is meant is imposing charge neu-
trality on the adatom by treating the adatom
energy €, as a dependent variable (see Section
I1.C). Ho et al.'*** consider only the trivial case
of a half-filled substrate, implying that ¢, be set
at zero, the middle of the band. For centered
binding, the results are more complicated.

Returning to Figure 8A, we seek the effect of
a c(2 x 2) overlayer.” As in the (1 x 1) problem,
~ the bonding and antibonding resonances are
narrowed and strongly skewed. There is also
some evidence of splitting, a good part of which
is due to the E, pair contribution. [In the c(2 X
2) pattern, there are two E, pairs per adatom;
since one half Ag per adatom is plotted, direct
comparisons are possible; the curve should be
doubled in height to compare with the single-
adatom curve.] In the strong binding limit, the
top layer of substrate orbitals (now two per
adatom) is again detached. The ones left undi-
- merized in the ¢(2 X 2) pattern rebond weakly
to the truncated substrate, giving a narrow peak
near the substrate atomic energy (here at the
center of the band). The behavior in Figure 8A
verges on this regime.

As suggested in Section II.D, the object of
DOS calculations is often to understand UV
photoemission data.’® Liebsch’® has demon-
strated the prominent role of final state effects
— scattering of the photoelectron — in shaping

the spectrum (particularly for angular-resolved -

experiments). It is thus disconcerting when
.DOS calculations for chemisorption are alleged
to closely reproduce ultraviolet photoemission
(UPS) difference spectral?® State-of-the-art cal-
culations have now treated adsorbed monolay-
ers of O on Ni{100}’¢ and small clusters ger-
mane to chemisorption questions’” as one-step
processes in which initial and final states are
generated in the same computer formalism, in
the latter case including automatically (by vir-
tue of the transition state) much of the relaxa-
tion effects. Again, the large computer-inten-
sive nature of these techniques will limit their
applicability to the pair problem for the present
time.
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IV. APPLICATIONS OF THE PAIR
INTERACTION MODEL

A. Disordering Transitions for a Lattice Gas
Most problems in solid state involve several
characteristic energies. When these energies are
all of different magnitudes, analysis is greatly
simplified. In lower coverage chemisorption on
transition metals, such a hierarchy often exists.
The strongest energy is the binding energy of
an adatom, typically 2 to 7 eV.*® Next comes
the difference between binding energy in differ-
ent substrate sites, which is of the order of the
surface diffusion barrier and some moderate
fraction of the binding energy.’® Unlike physi-
sorbed systems (e.g., Xe on Ag{111})%7° pair in-
teraction energies here tend to be smaller than
this second energy, causing adatoms to localize

- ‘into particular positions relative to substrate at-

oms, between which they can hop at appropri-
ate temperatures much less than desorption
temperatures. The indirect pair interactions
themselves form a hierarchy, generally falling
off rapidly with pair separation.

In a specific application of this framework,
Einstein and Schrieffer’® pointed out how the
pair interaction can explain the observed vari-
ety of adlayer superlattice structure. The first
adatom in a neighborhood will select which
binding site symmetry is the most favorable —
atop, centered, or bridge on a square or hexag-
onal face, lattice, surface, bridge or atop on a

{110} bec, etc. All subsequent adatoms

will occupy the same type of site. For a second
adatom near the first, the most attractive of
these sites is the one with the most attractive
pair interaction, which is usually the first at-
tractive interaction reached with increasing pair
separation. A third nearby adatom will form a
similar pair orientation with one of the first

‘two, and so on to build up a pattern; that is, if

the first attractive pair is the E,, E,, or E; pair,
then the low-coverage adlayer pattern should be
(1 x1), c2 x2), or (2 x 2), respectively. This
prescription is the source of the pattern assign-
ments in Table 1.

To structure discussions more carefully, we
use a lattice gas model, which is valid to the
extent that (1) the discrete-site picture holds and
(2) no neglected interactions creep in (e.g., di-
pole-dipole, magnetic, or trio). Since E, is
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the energy of the mth neighbor pair interaction

(all implicit parameters — &z, V, etc. — being

fixed).

H=zE_ T nn; ;
m <> ) 0

where <ij>,, denotes a sum over mth nearest
neighbors without double counting. This model
is equivalent to a [multineighbor] Ising model
for localized spins®°

H=-3% .Tm z 05 O'j ~B 2 O'j (¢28)
mo <> !

if one makes the identifications n; = (1 + o0;)/
2,E,. = —4]J,,and adds

—B-3, Ty 2) Q0 - DN+ N/ By Tz, (22

to Equation 20. Here, 6 is the fractional occu-
pation and z, is the number of mth nearest
neighbors of a site (i.e., four or eight for a
square lattice). The second term is an inconse-
quential constant, but the first is some effective
magnitude field times (260 — 1),  the equivalent
of total magnetization. In:contrast to the Ising
problem, 28 — 1 is the variable over- which one
has experimental control, the conjugate field
being the chemical potential. For . theoretical
calculations® it is often easier to treat the field
as the independent variable adjusting it in the
end to produce the proper 8, a commeon ther-
modynamic practice.

Since the Ising model is generally insoluble
analytically, approximation schemes aré re-
quired. In the preceding paper, Lagally referred
to Monte Carlo methods used by Doyen et al.*
for the case of just nearest-neighbor repulsion
and calculations by Binder and Landau® for
the case including second neighbors as well. We
shall recapitulate these results before turning to
some thoughts on the role of third neighbors.

Doyen et al.*? simulate the approach to equi-
librium of adatoms deposited randomly on a 30
x 30 square lattice. Figure 11A shows a half
monolayer at a temperature a bit over half the
order-disorder temperature for a full ¢(2 x 2)
layer [viz., B, = 1.76 kT.]. After roughly 5§
hops per adatom, the ¢(2 x 2) structure is clearly
visible. Figure 11B repeats this calculation for
0 = 0.35 (and lower temperature). While there
is merely one E, pair, the c(2 X 2) pattern is ob-
scured (short-range order diminished) by the

sparse coverage. After computing the lowering
of the disordering temperature with decreasing
coverage, Doyen et al. conclude that for less
than 6 = 0.3, there is no clear ordering. This
result is inconsistent with the many observed
patterns at lower coverages;®® the error lies, of
course, in the mneglect of .any attractive
interaction, which underpins the formation of
islands. In particular, for c(2 x 2) islands an at-
tractive E, is crucial.

The full ¢(2 % 2) overlayer has 6 = 1/2 and
corresponds to an Ising antiferromagnet, with
no external field. Describing the system now by
a large positive E, and a weaker negative E,,

{ one finds an accurate approximate solution®*

for the order-disorder temperature:

P2 o g TE L TR T 23)
As expected, E, stabilizes the pattern; for |E.|/
E; = 1/8, the critical temperature rises to E,/
1.5 kg; for |E.J/E, = 1/2, it is nearly E./ks.
Einstein and Schrieffer’s inserted characteristic
values of E; and E; into Equation 23 and found
critical temperature of the same order of mag-
nitude as Estrup’s value®® of 1/20 eV for H on
W{100}. Estrup also noted the analogy between
the intensity of adlayer-induced LEED spots
and the Ising model [long-range] order param-
eter. Lagally and co-workers®-®” have shown ‘
that this order-disorder transition is not the
only kind that can arise. They worked on the.
analogous system of O on W{110}, which forms
a (2 x 1) pattern describable in Ising terms by a
rectangular lattice gas with two nearest-neigh-
bor repulsions in [111] directions and two at-
tractions for [111] nearest neighbors and [111]
next-nearest neighbors. They found that an is-
land dissolution phase transition can also pro-
duce the disordering; here, the island essentially
evaporates into the [dilute] lattice gas. This be-
havior is derived from measurements of both
adlayer-induced spot widths,®® which show
broadening characterizing loss of long-range
order,®® and spot intensities.®” The dissolution
transition gives information about the attrac-
tive pair energies alone since essentially no re-
pulsive pairs are present. On the other hand,
the order-disorder transition involves both at-
tractive and repulsive pair energies. With data
on both transitions, two pair energies can be
obtained.?’



e 06 0 0 o © o o6 6 © o ¢ ¢ o o ¢ 0 o o e o ¢ 0 0 o o [ I ]
L ) © © ©¢ 6 © © o o o ® e O o 0 0 © o o o o o o ©
® 6 6 ® ¢ 0 © © © © © o © o O o 9 o e o e o o o o
@ 0 5 ¢ © ¢ ¢ o © @ 5 ¢ 6 © ® ) e o o o ® © 6 © o o o
® 6 @ o 06 ®© 0 ©® © © o © © o ° L) e © 0 o 0 o o o ®
e ®© 2 0 6  © & © © © o e © ° e o o ® o o & 0 o o
® © e ¢ ¢ © 9 0 ® © © & © ® ° ) ° ° ° °
@ @ ¢ © © o o © © o o0 e © O ® ) o © @ e o e ° ®
e ® © e00 ® 6 6 0 © © & O o @ e © o o e © oo o ®
® e ¢ 06 © ¢ © © 6 © o © © @ e o © o © o o o e @ [
® & @ o 0060 © © ¢ ¢© © © © © © @ ® e 6 o o ¢ o ®
o 2 o o @ & 9 ¢ 0 e ® 0 @ © ° ° [} e @ o o
® © 9 0 € & © 9 o o ¢ 0 O o o ® ° [ ® e o o o o o ®
® ¢ ¢ 6 o ©6 ¢ 6 ¢ 6 ©0 © e o o e o o @ © o o e ¢ o o
® ¢ © & 6 6 ®© 6 © @ ® © O & O e 3 o @ o o o e e °
© e ® ¢ ¢ ¢ 0 9 9 2 ¢ 6 © O o e e @ © @ o ¢ o & o °
o oo e 6 @ 0 &6 © 9 © © © © & e o ® © © 8 & e @& @ ®
® o © e © ® o ¢ © ® © e o e @ o e e o ¢ ° e ® & o
e e & @ © 060060 © 0068 © @ ©96 ® e & o o e o o e o o
® ¢ 00 © ¢ 8 ©6 086 20 © 0 00 © e & o © . e 0 o & o e ©
e €02 ¢ 9 © © o2 09 O & ee o e e o e o o ® e © © o
e & © 6 ® 9 © © © & & 6 O © @& ® e 9 © @ ® ¢ ¢ o € o
© ¢ o ¢ ¢ o 6 2 9 o © © 6 6 o e e e e o o o ° L]
® ¢ ¢ © &6 ©¢ o0 © 0 6 © & O © o ® L} [ [ e © o )
> 2 4 « ¢ ¢ 9 09 © © ¢ e © © © ® & @ o o e ®
e 8 0 06 2 © ¢ o © © © o o e e @ o o e e o © 0 o ®
[ 2 ) ® 060 ¢ ¢ © © © o o e o e o @ ®
© 0 o ¢ @ e 0 e & o o o o e e @ e & & o o e ® o o o ®
® © o o o ® & © & 69 © e © © ® o o e & o
© @ ¢ ¢ ¢ © ¢ 00O e © 9 e © .9 ® ® © ¢ 9 © O @ © ® o
A B
FIGURE 11. Results of a Monte Carlo simulation of ordering of adatoms on a square lattice. Particles are placed at random

on a 30 x 30 lattice with only nearest-neighbor repulsion E,. Configurations are after each particle has performed, on the average,
five diffusion steps, (A) E, = 3 kT, 8 = 0.5; (B) E, = 5 kT, 6 = 0.35. (From Doyen, G., Ertl, G., and Plancher, M., J. Chem.

Phys., 62,2957, 1975, With permission.)

On the theoretical side, Binder and Landau®*
have brought critical phenomena techniques to
bear on adsorbed layers. With Monte Carlo
methods, they construct T-0 phase diagrams for
square lattice gases for E; positive and E,/E,
being — 1/2, 0, and + 1/4, with E, positive.
For E, < 0, a complex diagram evolves; there
are three different low-temperature ordered
phases at various coverages: (2 X 2) near 8 =
1/4, ¢(2 % 2) with some mixing for intermediate
6, and (1 x 1) with (2 X 2) vacancies near 8 =
3/4. The diagrams all have a deceptive symme-
try about 6 = 1/2, which in the Ising model
corresponds to up-down spin symmetry. For 8
> 1/2, direct interactions will typically enter, as

will new (weaker) binding states for adatoms,®®

which can be parameterized as three-adatom re-
pulsions.

In spite of progress, many patterns still can-
not be explained convincingly. For example, H
on Mo{100} has a notoriously complicated
phase diagram.®® In particular, for 1/4 <6< 1/
2 instead of going directly from c(2 X 2) to dis-
ordered with increasing temperature, it goes
through the intermediate ‘‘(4 x 2)’’ phase de-
picted in Figure 12. While the interaction en-
ergy per adatom is 2E, + 2E; (to fourth neigh-
bors) in the c¢(2 % 2) pattern, in the intermediate

phase itis 1/2E, + E. + E; + 3E.. Since there
is no ordered phase for 6 < 1/4, E, and E, (and
presumably also E;) are repulsive. There is no
evidence mentioned of a (2 X 2) phase as in
Binder and Landau’s®! theory. It is conceivable
that if E, is comparable to 1/2 E, and E, is com-
parable to 1/3 E;, this transition could be ex-
plained in terms of a minimal gain in entropy
at the expense of a tiny change in pair energies.

- It would be surprising, however, if dipole-di-

pole forces, trio interactions, etc. did not enter
into such a subtle competition. Behavior on
{100} bec surfaces should receive renewed inter-
est in light of the reconstructive phase transi-
tions found on clean Mo and W surfaces below
room temperature;®* this exotic behavior is
most likely the source of the complexity.

B. Island Shapes

In the preceding section, it was shown that
models including only a repulsive E; were in-
capable of describing low-coverage islands. Re-
cent work®? has shown that E; as well as E, is
required to characterize c(2 X 2) islands on
square lattice faces. From the outset, we pre-
sume that E, is large and, therefore, positive.
E. must be negative [and, moreover, E. < E]
so that c(2 X 2) [rather than (2 x 2)] will be the
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The two ordered phases that exist for H on the {100} face of Mo*°

at coverages between 1/4 and 1/2. Adsorbed sites are marked by crosses, vacant
sites by dots (or vice versa; 8 = 1/2). The ¢(2 X.2) pattern at the left is stable below
about 150 K; the so-called (4 x 2) at the right is stable above 190 K; between these
temperatures is a mixed phase. (N.B., the [temperature at the] phase boundary rises

considerably with increasing 6.)
¢

low-coverage pattern. Finally, E; < |E,|, since
otherwise the stable arrangement would be sim-
ple lines in the direction of the E, bond (i.e.,
<11> relative to the substrate). If E; is negligi-

ble, the stable configuration of n* adatoms (n

an integer) is a ‘‘diamond”’ (i.e., a square with
sides along the <11> directions). On the other
hand, if E; is comparable to E,, the surface en-
ergy is roughly isotropic, favoring a more
nearly circular domain, that is, a minimum pe-
rimeter configuration.

In the interior of a ¢(2 x 2) pattern, there are
2E, and 2E; pairs per adatom; at the edge, some
are missing. By inspection, for an n X n
[rotated] square (the ‘‘diamond’’), there are
2n(n — 1) E. bonds and 2(n — 1)* E; bonds. For
example, if n is 11, there are 220E, and 200E;
bonds, i.e., 22 missing E. bonds and 42 missing
E; bonds. For circles, no simple formulas are
possible; by an explicit (computer) count, there
are 26 missing E, bonds and 34 missing E;
bonds for a circle containing 121 adatoms.
Even though the square has a longer perimeter,
adatoms on a side are missing only one half
rather than one E. bond each because of the
<11> orientation. In this special case, the
square has four fewer missing E. bonds and
eight more missing E; bonds than the circle;
hence, the square has the lower energy if E;/E,
is less than 1/2. For other special cases, one
finds critical ratios down to 0.28. In the asymp-
totic limit we find®? this ratio to be (2 — V' m)/
2V —V2) ¢ 0.3176 ™~ 1/3. From Figure 6,
we recall that this is roughly the ratio of the
[envelopes of] Es; and E,; therefore, there
should be examples of both in nature.

In fact, at absolute zero the stable shape of

any large (i.e., desg:ribable as continuous) is-
land will be a polygon, as predicted by Wulff’s

‘theorem.?*-°4 If only attractive E, and E; are

considered, this polygon is an equiangular oc-
tagon, i.e., the former square with truncated
corners. The ratio of the length of the diagonal
side (<10>) to that of the shortened square side
(<11>) is 3Es/V 2 (E: — E;), which correctly
vanished for E; = 0 and is unity for E;/E; =~
0.3204, nearly the square-to-circle critical ratio.
This octagonal form vanishes quickly at finite
temperature.

When temperature effects are included for
two-dimensional crystals, straight edges bow
outward. Herring®® notes that a straight side is
in essence one-dimensional, long-range order
and, hence, unviable above zero temperature. ‘
[Conjunctively, the Wulff plot cusps are re-
moved bylogarithmic entropy terms.] Also, the
corners get rounded. In their classic study of
crystal growth, Burton et al.** work out (in a
quasicontinuous limit) the solution for domain
shape as a function of temperature and the
equivalent of E, and E; (although in their prob-
lem the lateral interactions were the same as the
binding energies, so that disordering was re-
lated to desorbing). Defining § as — E»/kT and
ff as — (E. + 2E;)/kT, we can, after considera-
ble algebra, reduce their expression to®?

i =% 57 [In {1 - inh (Ge/2w)snn G4y }

i LG 5) cosh B x/uv) o
1+ £(8,8)



where £(3,5) = (/2 — e#/2)/(e?’* cosh(f/2) — 1).
Here, the x-y axes are <11> axes (i.e., the <10>
axes of the c(2 x 2) adlayer) while u/2 is the
maximum value of |x| and |y| and (0,0) is the
center of the figure. This expression only holds
for [y'(x)/u} less than unity, but by taking ad-
vantage of fourfold symmetry, one can reflect
the curve through the lines y = =+ x to obtain
the right and left quadrants. Matching prob-
lems are insignificant for the parameters of in-
terest.*?

IfE, = 0, = B, and so £(3,8) vanishes, as
does the second logarithm in Equation 24. In
Figure 13, equilibrium island shapes are plotted
for B = 4, 6, 8, and 10. As T — 0, the curves
approach a square. For smaller 3, remnants of
the square shape wash out, so that by § = 4 the
plot is scarcely distinguishable from a circle.
For still smaller f, the analysis breaks
down‘92,93

From Figure 6, one can estimate —E, to be

/
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of the order of 0.01 to 0.03 times one sixth the
bandwidth, i.e., roughly 10 to 60 meV or 120
to 700 K in temperature units for transition
metals. [For comparison, from Burke’s work,??
we find that the curve of second-neighbor pair
energy for a {100} bee surface looks rather sim-
ilar to that on the {110} surface exhibited in Fig-
ure 3A; E, is repulsive near the center of the
band, so W/W(100) is not c(2 X 2). When E; is
attractive, its magnitude is of the order of 100
meV.] The smallest 8 for which one could see
square-like structure seems to be about 8, indi-
cating temperatures in the range 15 to 88 K. Al-
ternatively, from Equation 23, if E,/|E,| is 2,
4, 6, or 8, then —f.E. is 0.521, 0.327, 0.238, or
0.187, respectively. Thus, a g of 8 corresponds
to 1/15 to 1/43 T. or about 15 to 40 K.

For E; finite, Equation 24 suggests' that the

_.temperature enters almost entirely through ff ‘

Since 73' is the dimensionless constant formed by
(twice) the ratio of the energy per unit length

7N

-

FIGURE 13. Shape of ¢(2 x 2) islands as a function of tempera-

ture, for the special case E; = 0, using Equation 24. The picture
assumes no nearest-neighbor occupation (E, >> |E;|) and a mod-
erately large island. At zero temperature, the stable island shape
is square, with sides along the substrate <11> directions (i.e., the
<10> axes of the adlayer when viewed as a square). As tempera-
ture rises, the sides bow out (if there were normalized area) and
the corners round off. The plots are kT/(-E,) = 1/10, 1/8, 1/6,
and 1/4. The analysis collapses when (or before) the plot resembles
acircle (i.e., aratio of 1/3 to 1/2).
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of a square side (x or y edge) to T, the primary
role of temperature is to destabilize these edges.
To obtain finite T shape-change behavior as a
function of E;/E, corresponding to the zero T
results, one should hold '[}' rather than f# con-
stant, as explicit plots verify.®? This feature is
not promising for actual experiments, since E;/
E, is a fixed property of the system. LEED is
the experimental method most suitable for in-
vestigating island shapes. Consider first an n %
n [rotated] square of adatoms. The problem is
reminiscent of Fraunhofer diffraction through
a square aperature, leading to (1) bright central
maximum of size 2rn/nd by 2n/nd in K space,
K being the scattering vector and d the c(2 x 2)
adatom lattice constant, /2 times that of the
substrate and (2) subsidiary maxima in the
<11> (with respect to the substrate) directions
in K space. In real situations, there will be a
distribution of sizes, washing out the nodes be-
tween the subsidiary maxima, leaving a four-
lobed star.?® These stars should be present just
at LEED spots due only to the adlayer, i.e., (1/
2, 1/2) spots in this case.

Numerous complications modify this simple
picture. The finite-temperature bowing of
square sides will flare out the lobes of the star.®?
The rounded corners will scatter into the region
outside the lobes. Explicit computer simula-
tions®*® give detailed information as to how
these features affect intensity. Islands‘will, in
general, not have their equilibrium shape. Her-
ring®® notes that the relevant questions concern
the local equilibrium shape: how to minimize
[free] energy with a minimum of atom reloca-
tion. Thus, rather than square-like islands, one
may often see a strong tendency to rectangular
steps at island edges.

For this work, the island size should be
smaller than the LEED coherence zone, which
has a typical diameter of 100 ;&,“'3"99 but can
be modified over a moderate range by adjusting
beam energy and angloe:s.f’9 Lu et al.?” report a
mean diameter of 35 A for 0 (2 x 1) islands on
W(110), which is smaller than optimal for our
procedure. Since the islands should be well sep-
arated, this work is complementary to Park and
Houston’s use of domain mismatch to study
binding sites.*® One must also consider the fact
that these islands are often not in equilibrium,
so that even detailed work in the spirit of
Binder and Landau®* may not answer all ques-

tions. By correctly cycling temperature, it
should be possible to engineer a variety of con-
figurations. Work is in progress to study these
matters.??-%¢

V. CONCLUSIONS AND PROSPECTS

The indirect electronic pair interaction has
~been confirmed as the principal mode of inter-
action between many kinds of atoms chemi-
sorbed on transition metal substrates. The di-
pole-dipole interaction may also be important
under some circumstances. Other [indirect] in-
teractions should not be important for most en-
ergy features.**¢
Coulombic effects turn out.in model systems
~ to be much less important in pair problems than
in single-adatom problems. This suggests that
in order to narrow the gap between theoretical
and experimental numbers, effort may be better
spent on implementing improved substrate in-
termediate states than on working on correla-
tion effects with simplified substrates. Progress
will come first on third-row late-transition and
noble element substrates, where s-p hybridiza-
tion and spin-orbit coupling are not so impor-
tant. Various non-self-consistent tight-binding
calculations for Ni, Cu, and Fe have
appeared.$253-57 While their DOS might not be
as accurate as desired, it would be of interest to
determine what details about pair interactions

- one might generate. Such calculations would

also be useful in determining the potency of trio
interactions.!’” Recent work'®**®? has also
found that the s-electrons in Ni may play a ma-
jor role in chemisorption. More difficult
[noncluster] calculations will probably be
needed to determine if the same result holds for
pair interactions.

Unfortunately, these materials are not well
suited for field ion microscopes. It is a long cal-
culational road through the periodic table toget
from Ni to W and Re. Prospects for significant
improvement beyond Burke’s work seems
rather remote. Thus, any theoretical work on
the new experiments for W on W with dilute Re .
impurities,*®* for example, will at best be at a
semiquantitative level. :

Imbedded cluster - calculations may have
some impact on the pair problems either using
one large cluster or two small ones. Clusters
may well be more important in sorting out the.



role of direct interactions, which are crucial to
dissociation processes on surfaces and, hence,
to most industrial applications.

Phase transitions is another fruitful area. We
have seen the progress that has been made ex-
perimentally. Accompanying model calcula-
tions to simulate and test experimental situa-
-tions are now quite relevant. In order to make
progress for higher coverage (6 > 1/2) sub-
strates, more input about direct interactions,
trio interactions,**” and adsorption strengths in
nonsymmetric positions will be needed. There
is a rich variety of phenomena®®-*° in this re-
gime awaiting theoretical analysis.

If findings concerning pair interactions and
more general problems of chemisorption can be
applied to materials science, an enormous in-
crease in understanding questions such as hard-
ness and embrittlement will result.
Latanision'*® reviews the considerable modifi-
cations that chemisorption can bring about in
the strength of solids. Much of the role arises
from the fact that dislocations and cracks start
most readily on surfaces. Relevant questions in-
clude:

1. How does local lattice strain relate to
chemisorption bond strength?'® An analo-
gous pair question is whether there exist
strain-induced adlayer superlattlce phase
transformations.

2. Conversely, how does a chemisorption
bond affect nearby substrate bonds? While
ionically adsorbed species may simply
transfer electrons to or from the substrate,
shifting the band filling (in ‘‘rigid band”’
fashion), covalently adsorbed atoms tend
to form “‘surface molecules’®, thereby
weakening substrate bonds between the
[bulk] chemisorbing atoms and their neigh-
bors. The details of this effect can be read-
ily pursued in model systems.”*

3. How do adatoms interact with substrate
impurities? Recent work by Tsong and
Cowan'® is in this direction.

4. What factors influence whether an atom
adsorbs onto or absorbs into a metal? In
this regard, studies of surface segregation,
as reviewed by Blakely,'®” prove helpful.

5. In particular, to what degree are ‘hydro-
gen’s unique electronic structure and size
responsible for its potency in embrittling

203

metals? How does its diffusion through a
metal compare with that on a surface, and
how are both modified by the presence of
defects in the form of impurity [ad]atoms,
dislocations, etc.? The problems are mani-
fold and inviting.

It is unfortunate that symmetry conditions
prevent the use of the many excellent slab com-
putation schemes for studying pair interactions.
The best that can now be hoped for is consid-
eration of c¢(2 x 2) overlayers. Perhaps a peri-
odic net of large unit cells with various pair ori-
entations can eventually be implemented.

Overall, then, basic understanding of the
problem is fairly good, but many details need
to be clarified. Order-of-magnitude numerical
fits to data are typically possible, but 10%

- matching is not.
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VII. APPENDED NOTE:
ASYMPTOTIC RESULTS

After the writing of the preceding manu-
script, a preprint by K. H. Lau and W. Kohn
entitled ‘‘Oscillatory Indirect Interaction Be-
tween Adsorbed Atoms’’ was received.'?®
Briefly, they corroborate the cos(2ksR)/R®
asymptotic behavior of the pair interaction and
point out the possibility of a cos(2krR)/R? in-
teraction due to partially filled band of surface
states, carefully showing how these dependen-
cies arise from singularities related to the Fermi
surface. Since these asymptotic results are so
pertinent to this review, this section has been
added.

Preliminarily, they expand the [exact] static
density response function®® for a sine-wave gas
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(i.e., electrons confined to half of space by an
infinite potential barrier). For two points near
the edge, it goes as cos(ZkrR)/R® to lowest. or-
der in R, the lateral separation. »

Lau and Kohn proceed to verify that two
bare charges near a [noninteracting] electron
gas confined by a finite barrier (i.e., a jellium
background) interact similarly. Treating the
adatom-substrate interaction potential in sec-
ond-order perturbation theory, they can sepa-
rate the pair energy from the single-adatom en-
ergy, reminiscent of but different from
Equation 12. The R dependence of the pair in-
teraction reduces to

rarqed R (25)

where q is momentum transfer parallel to the
surface and G(q) is a kernel which depends only
on the substrate energy spectrum (here free
electron) and the justified assumption that
small k. dominates, not on the form of the one-
electron potential near the surface nor the form
of the adatom-substrate coupling. Detailed
analysis shows that the asymptotic dependence
is dominated by a singularity in the fourth de-
rivative of G(q) at 2k, times a step (Heaviside)
function; with the aid of Lighthill’s formulas*®®
for generalized functions, Equation 25 reduces
to

- kg® cos (2kgR)/R® +6 I}—I{I (253)

The asymptotic pair energy is the product of
Equation 25a and expressions involving the in-
teraction of the individual adatoms with the
substrate. The result is consistent with Grim-
ley’s®3! since one can view any direction on a
jellium surface as critical. However, the esti-
mated magnitude for (H/Al parameters) is less
than 1 meV at the relevant separations.

In an analogous calculation, Lau and Kohn
consider the form of an indirect interaction me-
diated by a partially filled parabolic- surface
band (with a consequent cylindrical Fermi sur-
face). The singular nature of G(q) at 2k's
(where k' is the Fermi wave vector for the sur-
face band) now appears in its first derivative,
leading to cos(2k’sR)/R? behavior. To gauge
the prefactor, Lau and Kohn couple bare

charges electrostatically to model surface wave
functions and parametrize the results with bulk
Al values. We find that the resulting energy es-
timate (in electron volts) is —3.7 cos (2k'sR)/
(2k'sR)?, where 2k'zR is 10.38 times the sepa-
ration in units of the Al nearest-neighbor dis-
tance; hence, E; = +8.9meV and E; = +2.9
meV. Even more dramatic is the possibility of
a cos(k,R)/R effect in directions normal to par-
allel planes on the Fermi surface that are k,
apart. Although Tsong earlier reported such be-
havior,%® uncertainties have arisen as to how the
interaction decays with R.!°®* Future develop-
ments will be quite interesting.

Near the band edge of the single band, sim-
ple-cubic crystal [in the tight-binding model]
cited extensively in the text, the band structure
reduces to the simple parabolic form. Accord-
ingly, Lau and Kohn seek similar cos(2kR)/ R*®
behavior for the pair interaction in this model.
Since straightforward perturbation theory
would obviously (Equations 11 to 14) require
computing the fourth-order contribution of #
= H .mn + H sm, they use a canonical transfor-
mation to eliminate # * to lowest order. In es-
sence, this procedure is a generalization of the
Schrieffer-Wolff transformation.’** A second-
order perturbation calculation produces an
expression to which the precéding-jéllium tech-
niques are applied, with the result

v [(FJ 3 cos(_2kF Rn) ] (26)

(ep—€)*| ™ R,®

Ey

where the unit of length is the lattice
constant,R, is the nth neighbor separation, and
kris V2(3 + &5 (since we measure energies
from the center of the band rather than the bot-
tom). Intrinsic to this asymptotic regime is the
expansion of Equation 13 to obtain Equation
14, i.e., that V*G,,? G..” be small. Note that this
smallness can always be achieved through G,.
for moderate R,, with no weak-V assumption.
If V is taken as small, no characteristic
surface molecule is formed; the adatom level is
merely broadened and shifted. Consistent with
this picture is the neglect of the renormalization
of the adatom due to its bonding to the surface,
[as manifested formally by the presence of G..
rather than G.. in Equations 13 and 14. The (&r
- &,)"? in Equation 26 is just ‘G..> (¢r).] Lau and



Kohn observe a related resonance in their for-
malism for ¢ = ¢,; alas, this regime is the most
interesting since [covalent] adsorption is strong-
est and charge transfer/self-consistency prob-
lems are least.

Even when Equation 14 is valid, the substrate
propagator G,, is far from its asymptotic form
at near-neighbor separations. Equation 26 im-
plicitly assumes that (using advanced Green’s
functions)*s-3%

-

Gon ()= <

(3 -leN) (1 +1el)
(lel - 1)

which [both] reduce to Equation 27 for e > —3.
(Here, sgi(e) = ¢/|¢|.) In the central third of the
band, the appropriate continuations of the
Green’s functions in the outer thirds add to-
gether. In the <10> (but not the <11>) case,
this leads to the vanishing of G,, to order 1/
R,2.*'® Taking advantage of the oscillatory na-
ture of Equation 28, we can integrate Equation
14 by parts to get :

By~ 3 ReCyy” () Gon (e} (29)

which decays like R, at least in the mirror di-
rections; in the central third of the band, the
<10> fall-of is even faster. ‘

Detailed comparisons'®-*** of Equations 13
and 29, i.e., the exact values of Re G,,? with
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ik kR
—‘k; e 0 27

Gon (e)=- 7R

n

where again k is \/ 2(3 + ¢). Using the exact
form of G(k" ,s), Lighthill’s formulas,'® and
stationary phase integrations, we have calcu-
lated**-**2 the asymptotic behavior of G,, in the
two mirror directions for any energy: in the up-
per or lower third of the band ([¢| > 1)

'rrRinz J(3-led) (lel-1) exp l:—iRn cos™? {(Z;Iel)sgn(e) }:l , lin =<10>

28

exp |:—i\/; R, cos™! fa (1 - lel) sgn (e)]Z, , f(n =<11>

those given by Equation 28, show that the
asymptotic limit is achieved only for R, so large
(several lattice spacings) that E,, is negligible, in
sharp contrast to the interaction of localized
magnetic moments in a bulk electron gas.'*?
Even near the band edge, where the density of
states is small, the asymptotic form is not gen-
erally useful at small R,, essentially since the
asymptotic assumption k-R, >> 1 breaks down.
In this regime, the adatoms couple to the lowest
bonding Bloch states of the substrate; since
their wavelengths are long compared to R, the
adatoms couple in phase. Hence, the pair inter-
action is uniformly attractive. Correspond-

“ingly, near the top of the band, the substrate

orbitals are maximally out of phase. The sign
of the interaction alternates with each lattice
step of separation.
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